A graph G is called chordal if every cycle of G of length at least four has a chord. By a theorem of B ohme, Harant and TkÃ aÄ c more than 1-tough chordal planar graphs are Hamiltonian. We prove that this is even true for more than 1-tough planar graphs under the weaker assumption that separating cycles of length at least four have chords.
Introduction and results
All graphs considered are undirected, ÿnite, connected and simple. We denote by V (G) the set of vertices and by E(G) the set of edges of a graph G. A good reference for terminology and notation not deÿned here is [5] .
Let the l-wheel W l be the graph obtained from a cycle C on l vertices by adding a new vertex (called the central vertex of W l ) and joining it to all vertices of C by an edge.
Let G be a graph with induced subgraphs G1, G2 and S, such that G = G1 ∪ G2 and S = G1 ∩ G2. If, additionally, G is a planar graph and S is a facial 3-cycle of G1 and G2, we write G := f (G1; G2).
Let C be a cycle of a graph G, ' an orientation of C and u; v ∈ V (C). We denote by [u; v] the path from u to v of C following '. Let ]u; v[ := [u; v] − {u; v}. If [u; v] consists only of the edge (uv), we deÿne V (]u; v[) = ∅. For x ∈ V (G) − V (C) with |NG(x) ∩ V (C)| ¿ 1 and y ∈ NG(x) ∩ V (C) we set y +
Let h(G) denote the length of a longest cycle of a graph G. The shortness exponent of an inÿnite class of graphs was introduced by Gr unbaum and Walther [9] as a measure of the non-Hamiltonicity of the class, and is deÿned by
It is not hard to prove that, if ( ) ¡ 1, then there is a sequence G1; G2; : : : of graphs in such that h(G i )
A graph G is said to be t-tough if for every separating set S ⊆ V (G) the number !(G − S) of components of G − S is at most |S| t . The toughness of a graph G, denoted by (G), is the maximum value of t for which G is t-tough. For a complete graph G we deÿne (G) = ∞.
The concept of toughness was introduced by ChvÃ atal in 1973 [4] . Clearly, 1-toughness is a necessary condition for Hamiltonicity, but it is not su cient. In [4] , ChvÃ atal made the following conjecture:
Conjecture 1 (ChvÃ atal [4] ). There exists t0 such that every t0-tough graph is Hamiltonian.
In [4] ChvÃ atal constructed 3 2 -tough graphs without Hamiltonian cycles. Based on this, ChvÃ atal made the following stronger conjecture:
Conjecture 2 (ChvÃ atal [4] ). Every t-tough graph with t ¿ 3 2 is Hamiltonian.
This conjecture was ÿrst disproved by Thomassen (see [2] ). In 1985 Enomoto et al. [8] have shown that every 2-tough graph has a 2-factor, while for every ¿ 0 there is a (2 − )-tough graph without a 2-factor, and hence without a Hamiltonian cycle, for arbitrary ¿ 0. For a long time the following conjecture appeared to be both reasonable and best possible. More is known about the existence of Hamiltonian cycles in planar graphs. By a theorem of Tutte [14] Conjecture 2 is true for planar graphs. In 1993 Harant [10] has shown that for planar graphs Conjecture 2 is best possible, by constructing 3 
-tough non-Hamiltonian planar graphs.
A planar graph is maximal if the insertion of any edge makes it non-planar. In 1979, ChvÃ atal raised the following question: Is 1-toughness a su cient condition for a maximal planar graph to be Hamiltonian? In 1980, Nishizeki [11] answered ChvÃ atal's question by constructing a 1-tough non-Hamiltonian maximal planar graph. Dillencourt [6] has shown that the shortness exponent of the class of 1-tough maximal planar graphs is at most log 6 log 7 . TkÃ aÄ c [13] improved the bound on the shortness exponent to log 5 log 6 and presented a non-Hamiltonian 1-tough maximal planar graph with a minimum number of vertices. ( 3 2 − )-tough maximal planar non-Hamiltonian graphs were constructed by Owens [12] for arbitrary ¿ 0. A graph G is chordal if it contains no chordless cycle of length at least four. It is easy to see that every chordal polyhedral graph is maximal planar, too. In 1999 B ohme et al. [3] have proved the following result:
Theorem 1 (B ohme et al. [3] ). Every chordal planar graph with toughness greater than one is Hamiltonian, while the shortness exponent of the class of all 1-tough chordal planar graphs is at most log 8 log 9 .
A graph G is sep-chordal if it contains no separating chordless cycle of length at least four. We generalize the result of B ohme, Harant and TkÃ aÄ c to the following theorem: Theorem 2. Every sep-chordal planar graph with toughness greater than one is Hamiltonian.
Proofs
Before proceeding with the proof of Theorem 2, two useful results on sep-chordal planar graphs are presented. Let be the set of all polyhedral graphs without a SiC for all i ¿ 3. Furthermore, let G0 be deÿned as in Fig. 1 . For
which consists of only one edge e. Let e = (yz) with y ∈ V (]u; v[) and z ∈ V (]v; u[). We consider the cases z ∈ NG(x) and z ∈ NG(x).
As G has no SiC for i ¿ 3, G−{u; y} is connected, and using the planarity of G, we obtain successively
Now, we want to generalize the perfect elimination order for chordal polyhedral graphs deÿned in [3] . Let G k ; G k−1 ; : : : ; G 0 be a sequence of graphs with G i ∈ for all i = 0; : : : ; k. Further, let H 0 G 0 and let H i be constructed from G i and H i−1 by H i := f (G i ; H i−1 ) for all i = 1; : : : ; k. If G H k , then we call G k ; G k−1 ; : : : ; G 0 a perfect -elimination order of G of length k. Clearly, every graph G ∈ has a trivial perfect -elimination order of length 0. By a result of Dirac [7] a graph G is a chordal polyhedral graph if and only if it has a perfect -elimination order G k ; G k−1 ; : : : ; G 0 with G i W 3 for all i = 0; : : : ; k. We prove by induction on the length of a perfect -elimination order that every graph G with a perfect -elimination order is a sep-chordal polyhedral graph. By deÿnition a sep-chordal polyhedral graph has no SiC for i ¿ 3. Let G be a polyhedral graph and G 1 , G 2 two induced subgraphs of G with G = f (G 1 ; G 2 ). It is easy to see that, if G is a sep-chordal polyhedral graph, then G 1 and G 2 are sep-chordal polyhedral graphs and, if G 1 and G 2 have a perfect -elimination order, then G has a perfect -elimination order. By induction on the number of S3Cs of a sep-chordal polyhedral graph we have: Lemma 2. A polyhedral graph is sep-chordal if and only if it has a perfect -elimination order.
Proof of Theorem 2. The following proof is based on the ideas of the proof of Theorem 1 in [3] . Let G be a sep-chordal planar graph with toughness greater than one. Hence, G is 3-connected. Let G k ; G k−1 ; : : : ; G 0 be a perfect -elimination order of G and let the graphs H 0 ; : : : ; H k be as in the deÿnition of the perfect -elimination order. We call a 3-cycle D of We claim: There is an extendable pair (Ci; fi) of H i for all i = 0; : : : ; k. The proof is by induction on i. By deÿnition of the perfect -elimination order we have H 0 ∈ . It is easy to see that every graph H 0 ∈ is Hamiltonian and there exists, for every Hamiltonian cycle C0 of H 0 , an injection f * 0 that maps every facial 3-cycle of H 0 onto an edge of C0. Thus, if f0 is the restriction of f * 0 to 0, the pair (C0; f0) is an extendable pair of H 0 .
We We consider the following cases:
(i) Case 1: G i G0 (Fig. 2) . Let Ci be the Hamiltonian cycle of H i obtained from Ci−1 by replacing the edge (ab) by the path (adfeb). There is precisely one new 3-cycle C def = (defd) in H i . If C def is an active 3-cycle of H i we deÿne fi(C def ) := (df ). (ii) Case 2: G i W 3 (Fig. 3) .
Let Ci be the Hamiltonian cycle of H i obtained from Ci−1 by replacing the edge (ab) by the path (axb). There are precisely three new 3-cycles in H i , Ca = (axca), C b = (bxcb), and Cc = (axba). Since G is more than 1-tough at most two of them are active 3-cycles of (Fig. 4) . Let Ci be the Hamiltonian cycle of H i obtained from Ci−1 by replacing the edge (ab) by the path (ax1 : : : x l−2 b). There are precisely l−1 new 3-cycles in H i , Ca =(cx1ac), C b =(cx l−2 bc), and C j c =(cxjxj+1c) for j =1; : : : ; l−3. If Ca is an active 3-cycle of H i we deÿne fi(Ca) := (ax1) and if C b is an active 3-cycle of H i we deÿne fi(C b ) := (x l−2 b). For all active 3-cycles C j c of H i we set fi(C j c ) := (xjxj+1). Case 3.2: a is the central vertex of W l (Fig. 5 ). Let Ci be the Hamiltonian cycle of H i obtained from Ci−1 by replacing the edge (ab) by the path (ax1 : : : x l−2 b). There are precisely l − 1 new 3-cycles in H i , C b = (ax l−2 ba), Cc = (ax1ca), and C j a = (axjxj+1a) for j = 1; : : : ; l − 3. If C b is an active 3-cycle of H i we deÿne fi(C b ) := (x l−2 b) and if Cc is an active 3-cycle of H i we deÿne fi(Cc) := (ax1). For all active 3-cycles C j a of H i we set fi(C j a ) := (xjxj+1).
In all cases (Ci; fi) is an extendable pair of H i . This proves Theorem 2.
